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Key Points:
• Stretching enhanced diffusion accelerates equilibration and mixing in stretched sheets
and ligaments
• Equilibration happens when the metal is stretched down to a scale (a modified Batche-
lor scale) smaller than ∼ 5 cm
• Impactors’ cores are vigorously stretched and convoluted in a stirring regime
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Abstract
Geochemical data provide key information on the timing of accretion and on the prevailing
physical conditions during core/mantle differentiation. However, their interpretation de-
pends critically on the efficiency of metal/silicate chemical equilibration, which is poorly
constrained. Fluid dynamics experiments suggest that, before its fragmentation, a volume of
liquid metal falling into a magma ocean undergoes a change of topology from a compact vol-
ume of metal toward a collection of sheets and ligaments. We investigate here to what extent
the vigorous stretching of the metal phase by the turbulent flow can increase the equilibra-
tion efficiency through what is known as stretching enhanced diffusion. We obtain scaling
laws giving the equilibration times of sheets and ligaments as functions of a Péclet number
based on the stretching rate. At large Péclet, stretching drastically decreases the equilibration
time, which in this limit depends only weakly on the diffusivity. We also perform 2D nu-
merical simulations of the evolution of a volume of metal falling into a magma ocean, from
which we identify several equilibration regimes depending on the values of the Péclet (Pe),
Reynolds (Re), and Bond (Bo) numbers. At large Pe, Re and Bo, the metal phase is vigor-
ously stretched and convoluted in what we call a stirring regime. The equilibration time is
found to be independent of viscosity and surface tension and depends weakly on diffusiv-
ity. Equilibration is controlled by an efficient thermochemical stretching enhanced diffusion
mechanism developing from the mean flow and entraining the surrounding silicate phase.
1 Introduction
The initial conditions of the Earth and other terrestrial planets of the Solar System are
inherited from their concomitant accretion and differentiation. Terrestrial planets differen-
tiate into an iron core and a silicate mantle, inducing chemical fractionation and heat parti-
tioning between the metal phase migrating toward the core and the surrounding silicate phase
[Rubie et al., 2015]. The partitioning of heat provided by the impacts and the reduction of
the potential gravitational energy sets the initial conditions of the temperature contrast be-
tween the core and the mantle [Rubie et al., 2015]. This is crucial for the early thermal and
magnetic evolution of planetary bodies [Monteux et al., 2011; Williams and Nimmo, 2004],
and the formation and evolution of primitives magma oceans [Sun et al., 2018], with in par-
ticular the possibility of forming a basal magma ocean [Labrosse et al., 2007]. The parti-
tioning of chemical elements has also profound geodynamical implications. For example,
the identity and abundance of light and radioactive elements in the core [Badro et al., 2015;
Corgne et al., 2007], which are key parameters for the dynamics and evolution of the core,
depend on (P,T , f O2) conditions at which metal and silicate have equilibrated.
Geochemical data such as geochronometers, estimates of the mantle and core compo-
sition, meteorite geochemistry, and partition coefficients [Li and Agee, 1996; Righter, 2011;
Siebert et al., 2011] constitute an inverse problem for the timing of accretion, the (P,T , f O2)
segregation conditions and the degree of chemical equilibration of the impactors’ cores with
the mantle of the Earth. This inverse problem is under-determined since there are more de-
gree of freedom than constraints. The interpretation of core formation chronometers well
illustrates this issue since there is a strong trade-off between the estimated accretion time
and the equilibration efficiency: the Hf-W chronometer predicts an accretion time around
30 Myr if perfect equilibration is assumed [Kleine et al., 2002], but that time is significantly
increased in case of imperfect equilibration [Rudge et al., 2010].
The interpretation of geochemical data crucially depends on the equilibration effi-
ciency of the segregation mechanisms. The scenario typically used in geochemical core for-
mation models involves the impactor’s core equilibration in a deep magma ocean (cf. table 1
for typical physical parameters) [Rubie et al., 2015]. The metal phase is assumed to fragment
into centimetric drops, before separating quickly from the silicates as an iron rain and sed-
imenting to the base of the magma ocean [Ichikawa et al., 2010; Karato and Murthy, 1997;
Rubie et al., 2003; Stevenson, 1990]. The centimeter scale corresponds to the size at which
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surface tension prevents further fragmentation of the drops [Rubie et al., 2003]. It is small
enough to ensure efficient chemical equilibration between the droplets and the surrounding
magma ocean [Rubie et al., 2003]. Iron finally migrates through the solid part of the mantle
toward the forming core by diapirism, initiated by Rayleigh-Taylor instabilities within the liq-
uid pond [Karato and Murthy, 1997; Monteux et al., 2009; Samuel et al., 2010; Stevenson,
1990], diking [Stevenson, 2003] or percolation [Stevenson, 1990]. No further equilibration is
expected at this stage owing to the solid state of the underlying mantle and the large size of
the diapirs.
Table 1. Typical parameters of a metallic impactor’s core falling into a magma ocean. Modified after
Solomatov [2015] and Deguen et al. [2011]. Dimensionless numbers are calculated for a 100 km impactor’s
core.
Magma ocean
Magma ocean depth, L 106 m
Gravity, g 10 m.s−2
Silicate phase Metal phase
Density, ρi 4 × 103 7.8 × 103 kg.m−3
Thermal expansion, αi 5 × 10−5 10−5 K−1
Specific heat capacity, cpi 103 5 × 102 J.kg−1.K−1
Dynamic viscosity, ηi 10−1 10−2 Pa.s
Diffusion coefficient, κci 10
−9 10−9 m2.s−1
Thermal conductivity, λi 4 102 W.m−1.K−1
Thermal diffusivity, κi 10−6 10−5 m2.s−1
Surface energy, γ 0.5 0.5 J.m−2
Reynolds number, Re 1012 1014 -
Thermal Péclet number, PeT 1014 1012 -
Compositional Péclet number, PeC 1017 1017 -
Thermal Ohnesorge number, OhT 10−12 10−10 -
Compositional Ohnesorge number, OhC 10−15 10−15 -
Bond number, Bo 1015 1015 -
Weber number, We 1015 1015 -
The iron rain scenario is based on the assumption of rapid fragmentation of the im-
pactor cores into centimetric drops. Whether this is realistic remains an open question. Dif-
ferentiation of terrestrial planets started early and most of the Earth was accreted from large
differentiated planetesimals and embryos (100 to 1000 km) [Rubie et al., 2015]. Whether
the huge volumes of metal delivered by these impacts were indeed able to fragment into cm-
scale drops is unclear [Dahl and Stevenson, 2010; Deguen et al., 2014; Kendall and Melosh,
2016; Landeau et al., 2014; Wacheul et al., 2014]. Liquid fragmentation is a well studied
problem of fluid mechanics and the key mechanisms are reasonably well understood: though
the details depends on the configuration of the flow, the route to fragmentation necessar-
ily involves the formation of elongated liquid ligaments [e.g. Marmottant and Villermaux,
2004a; Villermaux, 2004, 2007], which is the only geometry unstable against the Rayleigh-
Plateau capillary instability leading to fragmentation into drops. Fragmentation must there-
fore be preceded by a change of topology of the metal phase, from a compact volume (the
core of the impactor) toward metal ligaments. Ligaments can be produced either directly by
hydrodynamic instabilities or turbulence, or indirectly by the bursting of metal sheets, the
liquid from the sheets then collecting into ligaments [e.g. Villermaux, 2007]. In the context
of metal fragmentation in a magma ocean, laboratory experiments and numerical simulations
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suggest that the production of both metal ligaments and sheets can result from a combina-
tion of Rayleigh-Taylor and shear instabilities, turbulent fluctuations, and interactions with
the shear related to the crater opening and the following flow [Deguen et al., 2011, 2014;
Kendall and Melosh, 2016; Landeau et al., 2014; Wacheul et al., 2014; Wacheul and Le Bars,
2018]. Once formed, ligaments can fragment into drops as a result of the Rayleigh-Plateau
capillary instability [Eggers and Villermaux, 2008; Marmottant and Villermaux, 2004a,b].
Figure 1 illustrates the fragmentation sequence just described, which is to be considered as
generic: if fragmentation of planetesimal’s core indeed happens, it corresponds to the typi-
cal and necessary sequence of events required for the fragmentation of an initially spherical
metallic impactor into stable droplets.
Initial metal volume
Capillary
instability
Sheet
breakup
Compressed sheet
s(t)
T,C(z,t)
z
s(t)
r
z
T,C(r,t)
Stretched ligament Droplets
- Rayleigh-Taylor
instability
- Kelvin-Helmholtz
instability
- Turbulence
Figure 1. A conceptual view of the fragmentation and equilibration of a metal volume falling into a magma
ocean. Typical temperature/concentration profiles are represented for the sheet and the ligament.
In our conceptual fragmentation model (figure 1) and in laboratory experiments on
which it is based [Deguen et al., 2014; Landeau et al., 2014], the liquid metal phase is vig-
orously stirred and stretched by the turbulent flow following the impact, before fragmenta-
tion actually happens. This suggests that mass and heat transfer between metal and silicates
may be aided, or even controlled, by stretching enhanced diffusion, a mechanism identified
as crucial in the context of the mixing of a stirred diffusive heterogeneity [e.g. Coltice and
Schmalzl, 2006; Duplat and Villermaux, 2008; Kellogg and Turcotte, 1987; Olson et al.,
1984; Ottino, 1989; Ranz, 1979; Ricard, 2015; Venaille and Sommeria, 2008; Villermaux,
2004]. Stretching enhanced diffusion works as follows: take an initially compact patch of
a diffusing tracer (temperature or concentration of solute) advected by a flow. Unless the
flow is uniform, the patch will be deformed according to the local strain tensor. In 2D, it
will be stretched in one of the principal strain directions, and compressed in the other one
(thus leading to the formation of 2D sheets). In 3D, it will be either stretched into one of the
principal strain direction and compressed in the two others (thus leading to the formation
of a filament), or compressed into one direction and elongated in the two others (leading to
the formation of sheets). This stretching can drastically accelerate the homogenization of
the tracer because the flow has the effect of increasing the exchange surface and maintain-
ing strong concentration gradients in the compression direction(s), thus enabling efficient
diffusive transport of the tracer. The effect is important if the stretching time (the inverse
of the stretching rate) is smaller than the diffusion timescale based on the initial blob size.
–4–
Confidential manuscript submitted to JGR-Solid Earth
For example, if an heterogeneity is stretched into a sheet of thickness s(t) at a constant rate
Û = d(ln s)/dt, the homogenization timescale th is given by
th ∼ 12 Û ln
[
2
Ûs20
K
+ 1
]
, (1)
where s0 the initial thickness of the heterogeneity, and K the tracer diffusivity (e.g. Ranz
[1979]; see also Kellogg and Turcotte [1987]). If the stretching time 1/ Û is large compared
to the diffusion time s20/K (i.e. if Ûs20/K  1), a Taylor expansion of equation 1 shows
that th → s20/K , which shows that in this limit the homogenization is controlled solely by
diffusion. However, if Ûs20/K  1, equation 1 shows that th depends predominantly on
the stretching rate Û , and only weakly (logarithmically) on the tracer diffusivity K . Stretch-
ing enhanced diffusion is a kinematic theory, and makes no assumption on the nature of the
flow responsible for the stretching. Though in deep Earth geodynamics this formalism has
been used in the context of low-Reynolds, laminar flows (mixing of compositional hetero-
geneities in the mantle) [e.g. Coltice and Schmalzl, 2006; Kellogg and Turcotte, 1987; Olson
et al., 1984], it has been developed with turbulent flows in mind [Ranz, 1979], and has been
used for example to characterize mixing in turbulent jets [e.g. Duplat and Villermaux, 2008;
Villermaux, 2004].
Our goal is to test whether stretching enhanced diffusion can be an efficient mean of
equilibrating (thermally and chemically) the metal phase of the impactors’ cores with the im-
miscible molten silicates of the magma ocean, and to generalize its formalism (and equation
1 in particular) to heat and mass transfer between two stirred immiscible liquid phases. After
presenting the governing equations and introducing a change of variable allowing to con-
sider heat and mass transfer with the same set of equations (section 2), we build a regime di-
agram for the deformation of an initially round drop falling under its own weight (section 3).
Our numerical simulations and laboratory experiments [Deguen et al., 2014; Landeau et al.,
2014; Wacheul et al., 2014; Wacheul and Le Bars, 2018] show that a mass of metal falling
into a magma ocean is most probably in a regime which we call stirring regime, in which the
metal is stretched into convoluted sheets and ligaments, before fragmenting into drops. We
then study in section 4 the equilibration of what we consider to be the “building blocks” of
the fragmentation and equilibration sequence, i.e. sheets, ligaments and droplets. In section
5, we finally come back to the stirring regime which we characterize in light of our results on
the equilibration of stretched sheets.
2 Equations and Numerical Model
2.1 Geometries
In sections 3, 4, and 5, we will carry out analytical and numerical calculations (cf. ta-
ble S1 for numerical parameters) on the temperature and concentration evolution of sheets,
ligaments and drops. In each geometry (figure 2), we consider a two-phase flow involving
a liquid silicate-like outer phase (phase 2) and a liquid metallic-like inner phase (phase 1).
Sheets and ligaments are stretched by a constant pure shear flow at a strain rate Û . We don’t
consider the effect of gravity. The two phases have different densities, viscosities, and diffu-
sivities, both for analytical (sections 4.1 and 4.2.1 for sheets and ligaments, respectively) and
numerical calculations (supplementary information and section 4.2.2 for sheet and ligaments,
respectively). In numerical simulations, ligaments are free to fragment. We also consider the
case of a free-falling, initially round metal mass. Numerical calculations on deformed drops
assume identical viscosities and diffusivities between the two phases (sections 3, 4.3 and 5).
Analytical calculations on non-deformed drops do take into account the conductivity and
diffusivity contrasts (section 4.3).
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Figure 2. Setup for the 2D sheet (a), ligament (b) and drop (c) calculations. Dashed arrows represent the
imposed velocity field and the red lines indicate the numerical box boundary. (a): L0 is the box size and s0 the
initial thickness of the sheet. (b): L0/2 is the box size and s0 the initial diameter of the ligament. The metal
phase corresponding to the inner cylinder (black lines) is surrounded by the silicate phase, the shaded radial
plan corresponds to the 2D numerical simulation area. (c): L0 is the box size and s0 the initial diameter of the
drop. The imposed velocity field compensates the mean falling velocity 〈uy〉.
2.2 Governing equations, and equivalence between the heat and mass transfer
problems
We study here the evolution of either temperature Ti or concentration Ci in a two-phase
flow, where i ∈ {1, 2} refers to the metallic (i = 1) or the silicate phase (i = 2). In the
Boussinesq approximation and in the absence of volumetric heat sources (radioactive heating
or latent heat), the evolution of temperature and composition within both phases is governed
by two transport equations of identical mathematical form. Mathematically speaking, the
only difference between heat and mass transfer problems lies in the boundary conditions at
the metal/silicates interface, which can be written
T1 = T2, (2)
λ1∇T1 · n = λ2∇T2 · n, (3)
for temperature, and
D1/2 =
C1
C2
, (4)
κc1∇C1 · n = κc2∇C2 · n, (5)
for composition, where λi is the thermal conductivity, κci the mass diffusivity, D1/2 the parti-
tion coefficient and n the unit vector normal to the interface pointing toward phase 2. Equa-
tions 3 and 5 express the continuity of heat and mass flux at the interface, respectively.
Temperature is continuous across the interface, but concentration is not. Yet the two
problems can be made mathematically equivalent by introducing a new variable χi defined as
either
χi = Ti or χi =
Ci
Dδi11/2
, (6)
where δi j is the Kronecker delta. Rather than investigating separately heat and mass transfer,
we will thus consider the scalar field χi , which evolution is governed by the transport equa-
tion
Dχi
Dt
= Ki∇2 χi, (7)
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where D•/Dt is the Lagrangian derivative, with boundary conditions
χ1 = χ2, (8)
k1∇χ1 · n = k2∇χ2 · n, (9)
at the metal/silicate interface. χi has a diffusivity Ki (i.e. thermal diffusivity κi or mass dif-
fusivity κci ) and a conductivity ki (equal to either λi or D
δi1
1/2κ
c
i ). We will also make use of
the ratio qi = ki/Ki , which is equal to either ρicpi or Dδi11/2, where ρi and cpi are respectively
density and specific heat capacity of the phase i. The correspondence between the material
properties of χi and their thermal and compositional counterparts are summarized in table 2.
Table 2. Summary of the correspondence between thermal and compositional cases. δi j is the Kronecker
symbol. The general scalar field χi is associated with modified diffusivity Ki and conductivity ki in each
phase i. qi is also defined as the ratio between ki and Ki .
Thermal Ti κi λi ρicpi
Compositional Ci/Dδi11/2 κci κci Dδi11/2 Dδi11/2
General χi Ki ki qi
In the following calculations, the velocity field will either be imposed, or obtained by
solving the Navier-Stokes equation under the assumption of incompressibility,
ρi
(
∂u
∂t
+ u · ∇u
)
= −∇P + ηi∇2u + ρig, (10)
∇ · u = 0, (11)
where u is the flow velocity, P is pressure, ηi is viscosity, and g is the acceleration of grav-
ity. The non-linear term on the left-hand side of equation 10 is the source of turbulence. It is
included in our numerical simulations, but since our simulations are 2D, we will not be able
to reach fully developed turbulent regimes. At the metal/silicates interface, the velocity field
and tangential stress are continuous, while the normal stress is discontinuous due to interfa-
cial tension,
[σ1 − σ2] · n = γ (∇ · n)n, (12)
where σi is the stress tensor, ∇ · n is the local curvature, and γ is interfacial tension.
2.3 Dimensionless numbers
From these equations, we define a diffusion time tκ = s20/K1, an advection time related
to stretching t Û = 1/ Û , a free-fall time related to gravity tg =
√(ρ1/∆ρ)s0/g, a viscous time
tν = s20/ν1 and a capillary time tγ =
√
ρ1s30/γ, with s0 the typical length (initial thickness
of the sheet, or diameter of the ligament or drop), K1 the thermal or mass diffusivity of phase
1, Û the stretching rate, ρ1 the density of phase 1, ∆ρ the density difference, and ν1 the kine-
matic viscosity of phase 1.
Based on these timescales and the remaining parameters of the set of equations, we
build two sets of dimensionless numbers depending on the geometry of the flow we consider.
In the case of a stretched sheet or ligament in which we ignore the effect of gravity, using
an advection timescale equal to the stretching timescale allows to build the following set of
independent dimensionless parameters:
Re1 =
s20 Û
ν1
, Pe1 =
s20 Û
K1
, Ohκ1 =
K1
√
ρ1√
γs0
,
K1
K2
,
k1
k2
,
ρ1
ρ2
,
ν1
ν2
, (13)
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where Re1 is the Reynolds number, Pe1 the Péclet number, and Ohκ1 the thermal/compositional
Ohnesorge number. We will also make use of the Weber number defined as
We1 =
ρ1s30 Û2
γ
, (14)
which is equal to
(
Ohκ1Pe1
)2. In the case of a free-falling mass of metal, we use an advection
timescale equal to the free-fall time and the problem is now described by the following set of
independent dimensionless parameters:
Re1 =
√
∆ρ
ρ1
gs30
ν21
, Pe1 =
√
∆ρ
ρ1
gs30
K21
, Bo =
∆ρgs20
γ
,
K1
K2
,
k1
k2
,
ρ1
ρ2
,
ν1
ν2
. (15)
The Ohnesorge number can be obtained from Bo and Pe1 as Ohκ1 = Bo1/2/Pe1.
The Reynolds number defined either as Re1 = tν/t Û or Re1 = tν/tg compares inertia to
viscous forces. The Péclet number Pe1 = tκ/t Û or Pe1 = tκ/tg accounts for the relative im-
portance of advective transport compared to diffusive transport. The thermal/compositional
Ohnesorge number Ohκ = tγ/tκ compares the influence of surface tension to thermal or mass
diffusion. The number Ohκ1 thus defined has the same form as the classical Ohnesorge num-
ber (ν1
√
ρ1/√γs0), except here the tγ is compared to the scalar diffusion time rather than to
the momentum diffusion time tν . The Weber numberWe = (tγ/t Û )2 accounts for the rela-
tive importance of fluid’s inertia compared to its interfacial tension, and the Bond number
Bo = (tγ/tg)2 for the relative importance of gravitational forces compared to tension forces.
2.4 Numerical simulations with Basilisk
The equations introduced in section 2.2 are solved in 2D with direct numerical sim-
ulations using the free software Basilisk (see basilisk.fr and Popinet [2009]). This partial
differential equations solver uses an adaptive Cartesian mesh, making simulations possible
up to Reynolds number of 104. Mesh refinement is performed when the discretization error
of a selected field (e.g. temperature, concentration, velocity) is larger than an arbitrary value.
It allows a good spatial resolution when and where it is needed, particularly in the vicinity of
the stretched metal phase. On the contrary, spatial resolution is reduced far from the metal-
silicate interface, where velocity variations are spatially smoother.
The incompressible Navier-Stokes equations (eq. 10 and 11) are solved with a Courant-
Friedrichs-Lewy (CFL) condition limited time step, using a Bell-Collela-Glaz (BCG) advec-
tion scheme and a multigrid Poisson-Helmholtz solver for the viscous term. The BCG solver
uses a second order upwind scheme. The diffusion term of the advection-diffusion equation
(eq. 7) is solved using a time implicit backward Euler discretization. The non-linear advec-
tion term of the equation is solved with the BCG scheme.
The two-phase flow is implemented using a level-set method. Each phase is charac-
terized by its physical properties (e.g. diffusivity, viscosity, etc) and the initial value of the
scalar and vector fields (e.g. temperature, concentration, velocity). The interface between the
two phases is described by a level set function φ determining its shape. The time evolution
of the interface between the phases is computed with a Volume-Of-Fluid (VOF) advection
scheme. First, the interface is reconstructed defining lines (2D) in each cell corresponding to
the interface. Then, these lines and planes are moved with a geometrical flux computation.
Surface tension (eq. 12) is finally implemented by computing the curvature of the interface.
3 The Path Toward Equilibration: Regime Diagram and Timescales
3.1 Dynamical shape regimes
We start here by building a regime diagram (figure 3) for the deformation of an initially
round metal volume falling from rest into molten silicates, from 2D numerical simulations.
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We choose to construct a regime diagram as a function of the Reynolds number in the inner
phase Re1 (eq. 15, build with the inertial terminal velocity scaling) and of the Bond num-
ber Bo (eq. 15), which measures the relative importance of buoyancy and surface tension.
Since we use ν1 = ν2 in these simulations, Re2 =
√
ρ1/ρ2 Re1 and the regime diagram is
thus a function of Re2 divided by 1.4. Besides, viscosities in the metal and the magma ocean
also vary, with a potential influence on the regime diagram [Wacheul and Le Bars, 2018].
Since in the case of a free-falling drop buoyancy is balanced by the largest of inertia and vis-
cous forces, a small value of Bo implies that surface tension always dominates over the other
forces, irrespectively of Re1. Conversely, a large value of Bo implies that surface tension is
small compared to either viscous forces (low Re1) or inertia (high Re1).
Stirring
Wobbling
Spherical
Forward-facing bag
Backward-facing bag
Spherical
Wobbling Stirring
Forward-facing
bag
Backward-facing
bag
Ellipsoidal-cap
Ellipsoidal-cap
Figure 3. Regime diagram of an initially round metal drop falling in a magma ocean, as a function of Re1
and Bo. Markers correspond to numerical simulations. The dashed blue lines correspond to the relationship
between Re1 and Bo (eq. 16), for viscosities of the metal η1 between 10−3 and 10−1 Pa.s. In the regime snap-
shots, the red lines correspond to the interface between metal and silicates and black vectors to the velocity
field in a frame moving with the center of mass of the metal phase.
Though based on 2D simulations, our results are broadly consistent with published
results from experiments and numerical simulations (in axisymmetric configurations) [e.g.
Clift et al., 1978; Han and Tryggvason, 1999; Landeau et al., 2014].
At low Re1, the drop remains undeformed, irrespectively of the value of Bo. The flow
around the drop is laminar and stationary, and the drop develops an internal circulation.
Keeping Bo small and increasing Re1, the velocity field eventually becomes time-dependent,
with the magnitude of the velocity fluctuations increasing with Re1. The velocity fluctuations
do deform the drop surface and modify its trajectory, leading to a wobbling regime [Clift
et al., 1978], but surface tension still remains large compared to the time-dependent inertial
stresses, which prevents any significant stretching of the metal and limits the amount of de-
formation. At moderate values of Bo (∼ 10) and Re1 (∼ 10 − 102), we identify an ellipsoidal-
cap regime [Clift et al., 1978] similar to the spherical regime except for the flattened shape of
the droplet.
Deformation of the drop is significant only at large values of Bo and moderate-to-large
values of Re1. At Bo & 102, we find that the initially round drop deforms into a backward-
facing bag shape for Re1 on the order of 10 [Baumann et al., 1992; Clift et al., 1978; Han
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and Tryggvason, 1999; Samuel, 2012; Thomson and Newall, 1886], and into a forward-facing
bag shape (similar to the skirted mode of Clift et al. [1978] and to the jellyfish mode of Lan-
deau et al. [2014]) for Re1 on the order of 102. At even larger values of Re1, we identify
a regime which we will refer to as stirring regime where the velocity field consists in two
counter-rotating vortices, with smaller scale velocity fluctuations super-imposed. The metal
phase is vigorously stretched and deformed into sheets. This regime is qualitatively similar
to the immiscible turbulent thermal regime observed experimentally by Deguen et al. [2014]
and Landeau et al. [2014], even though the 2D geometry of our simulations does not allow as
much turbulence to develop.
From the dimensionless numbers definition of section 2.3, we write Re1 as a function
of Bo as
Re1 =
(
γ3ρ21
∆ρgη41
)1/4
Bo3/4. (16)
The factor in between parenthesis is the inverse of a Morton number [e.g. Clift et al., 1978].
It only involves material properties in addition to g, and typically varies by a factor of 10
mainly due to uncertainties on the viscosity η1, which is relatively small compared to Re1
and Bo varying by orders of magnitude depending on the size of the metal. Equation 16
(with uncertainties) thus define the part of the regime diagram which is the most relevant for
metal segregation in a magma ocean. This is shown in figure 3 (dashed blue lines) for param-
eters values given in table 1 and a viscosity of the metal phase in the range 10−3 − 10−1 Pa.s
[Rubie et al., 2003, 2015]. If starting from a volume of metal on the large Re and Bo side of
the regime diagram (i.e. Re1 & 103 and Bo& 102, which corresponds to a diameter of & 5
cm), the falling metal would be expected to be in the stirring regime (turbulent thermal). If
fragmentation produces droplets at moderate Re1 and Bo, these droplets will most likely be
in either the wobbling or spherical regimes, or possibly in the ellipsoidal-cap regime.
3.2 Equilibration times
We now focus on the thermochemical equilibration efficiency, which we characterize
with an equilibration time t1/2 corresponding to the time at which the mean scalar field in the
metal phase 〈χ1〉 is half its initial value. Figure 4a shows the equilibration time t1/2 normal-
ized by the free-fall time tg obtained from numerical simulations as a function of the Péclet
number in the inner phase Pe1, for various values of Re1 and Bo.
At Pe1 . 102, we find that t1/2/tg ∼ Pe1, irrespectively of Re1 and Bo. This im-
plies t1/2 ∼ tκ , which means that equilibration is controlled by diffusion. Increasing Pe1
above ∼ 102 results in faster equilibration than in the diffusion regime. At Pe1 & 102 the
equilibration time depends on the deformation regime of the drop, and hence on Re1 and
Bo, with the stirring regime being the most efficient at improving equilibration: we find
t1/2/tg ∼ Pe10.77 in the high Pe spherical regime (circles), while in the stirring regime, t1/2/tg
shows a weak dependency on Pe1 (diamonds) with t1/2/tg = 0.53 ln(Pe1) (the logarithmic
Pe1 dependency will be explained in section 5). The effect of the deformation regime can
also be seen from figure 4b which shows the effect on t1/2/tg of increasing Re1 while keeping
Bo and Pe1 constants at 104. At Bo = 104 the deformation regime changes from spherical
to backward-facing bag shape, forward-facing bag shape, and finally stirring regime as Re1
is increased. The equilibration time decreases significantly with Re1 (as t1/2/tg ∼ Re1−0.59)
while Re1 . 103, but t1/2/tg seems to reach a plateau at Re1 & 103 when entering the stirring
regime. While higher Re1 simulations would be needed to confirm this point, this suggests
that the equilibration time may become independent of Re1 (and hence on viscosity) in the
stirring regime at high Re1. Figure 4c shows t1/2/tg as a function of the Bond number, for
Pe1 fixed at 104 and Re1 fixed at either 10 or 104. We find that t1/2/tg decreases as Bo in-
creases, irrespectively of Re1, before reaching a plateau. This is consistent with the fact that
increasing Bo allows the metal phase to be more deformed, which helps equilibration. This is
particularly drastic in the stirring regime, in which the vigorous stretching and folding of the
metal phase leads to very fast equilibration.
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Figure 4. Equilibration time t1/2 normalized by tg =
√(ρ1/∆ρ)s0/g as a function of the Péclet number in
the inner phase Pe1 (a), the Reynolds number in the inner phase Re1 (b), and the Bond number Bo (c). t1/2 is
the time at which 〈χ1〉 is half its initial value. The lines correspond to calculated scaling law.
4 Equilibration Processes in the “Building Blocks”: Sheets, Ligaments and Droplets
The regime diagram obtained in section 3, and experiments [Deguen et al., 2014; Lan-
deau et al., 2014; Wacheul et al., 2014; Wacheul and Le Bars, 2018], suggest that the most
relevant dynamical regime at the beginning of the fragmentation sequence is the stirring
regime, in which the metal phase is stretched into thin sheets (in our 2D simulations), and
sheets and ligaments in 3D. The metal phase will then eventually fragment into drops. We
therefore study here heat and mass transfer in what we consider to be the three “building
blocks” of the fragmentation and equilibration sequence: stretched sheets, ligaments, and
drops.
4.1 A stretched isolated sheet
We consider here the homogenization of a scalar field χ(x, y, t) in and around a stretched
isolated 2D sheet. Following Ranz [1979], the evolution of χ is described in a local La-
grangian frame (x, y) which moves and rotates with the fluid such that the y−direction is
always parallel to the stretching direction, and the x−direction perpendicular to it. In this
frame of reference, the flow is a pure shear flow (or stagnation flow), and the velocity field is
of the form (ux = − Û x, uy = Û y), where Û is the stretching rate. The thickness of the sheet
s(t) is given by s(t) = s0exp
(
−
∫ t
0 Û(t ′)dt ′
)
, and is assumed to be much smaller than the ra-
dius of curvature of the sheet. Stretching will tend to align the direction of the gradient of χ
with the compression direction, and we can therefore consider the sheet and the scalar field
to be locally invariant in the stretching direction. With this assumption and the velocity field
given above, the scalar transport equation 7 becomes
∂ χi(x, t)
∂t
+ Û x ∂ χi(x, t)
∂x
= Ki
∂2 χi(x, t)
∂x2
. (17)
We transform these equations into diffusion equations with the following change of variable
[Ranz, 1979]:
ξ =
x
s(t), (18)
τ = K1
∫ t
0
dt ′
s(t ′)2 . (19)
This amounts to normalize lengths by s(t), which sets the thickness of the sheet to ξ = 1, and
time by a diffusion time scale based on the diffusivity inside the sheet (phase 1). With this
change of variable, equation 17 reduces to
∂ χi(ξ, τ)
∂τ
=
Ki
K1
∂2 χi(ξ, τ)
∂ξ2
. (20)
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The scalar field is initialized with a difference ∆χ between the phases such as
χ1(|ξ | ≤ 1, τ = 0) = ∆χ, (21)
χ2(|ξ | > 1, τ = 0) = 0. (22)
The boundary conditions are the continuity of the scalar field and its flux at the phase inter-
face (equations 8 and 9), and χ → 0 at infinity.
The full solution of this set of equations is given in appendix A, based on Lovering
[1936]. In particular, the scalar in the middle of the sheet χ(ξ = 0) evolves in time according
to
χ(ξ = 0, τ) = ∆χ(1 + p)
∞∑
n=0
(−p)n erf
(
2n + 1
4
√
τ
)
. (23)
The parameter p ∈ [−1, 1] accounts for the diffusivity contrast in the two-phase flow and
depends on the diffusivity ratio k1/k2 and on the ratio q1/q2 (see table 2) as
p =
1 −
√
k1
k2
q1
q2
1 +
√
k1
k2
q1
q2
. (24)
Its value dramatically affects the scalar profiles (figure 5b). If p < 0 (figure 5a), the diffusiv-
ity in the inner phase is larger than in the outer phase, leading to a flatter profile in the inner
phase. On the contrary, if p > 0 (figure 5c), the diffusivity in the outer phase is larger than in
the inner phase, leading to a flatter profile in the outer phase.
We compute from equation 23 the normalized equilibration time τ1/2 at which χ(ξ =
0, τ1/2) = ∆χ/2. Equation 23 shows that τ1/2 is a function of p only, and figure 5d shows
that τ1/2 decreases when p increases. An approximate expression for τ1/2 can be found in
the limit of p close to -1, corresponding to k1q1  k2q2, as follows. In this limit, we expect
equilibration to be limited by diffusion in the outer phase 2. The equilibration time t1/2, cor-
responding to the normalized equilibration time τ1/2, should therefore be independent of k1.
According to equation 19, t1/2 is a function of τ1/2/K1 = τ1/2 q1/k1, the form of which de-
pends on the evolution of the thickness of the sheet. τ1/2(p) must therefore be proportional
to k1. If p → −1, p simplifies as p ∼ −1 + 2
√
k2
k1
q2
q1
from equation 24. It thus satisfies the
proportionality with k1 only if
τ1/2(p) ∼ 1(p + 1)2 , (25)
which in the limit p → −1 tends toward ∼ 14 k1k2
q1
q2
. Figure 5d shows that the prediction of
equation 25 with a proportionality factor equal to 0.6 is indeed very close to the full solution
of equation 23 when p approaches -1. It is still reasonably accurate at higher values of p: it
overestimates τ1/2 by a factor 2 at most over the all range of p.
In the heat transfer case, the value of p in a magma ocean (table 1) is p ∼ −0.6. In the
composition case, p = (1 −
√
κc1 /κc2D1/2)/(1 +
√
κc1 /κc2D1/2) depends on the partition coef-
ficient and the mass diffusivity contrast between metal and silicates (figure 5e). In particular,
it can be seen that p approaches −1 for siderophile elements (e.g. W, Co, Cr, V, Ni), since
D1/2  1 and κc1 /κc2 is larger than unity [O’Neill and Palme, 1998].
We now go back to the stretching of the metal sheet and calculate the equilibration
time t1/2 from equation 19 taken at τ = τ1/2. For that purpose, we assume that Û is con-
stant, as predicted in the case of homogeneous turbulence [Batchelor, 1952], which implies
an exponential decrease of the layer thickness
s(t) = s0exp (− Û t) . (26)
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Figure 5. Scalar profile in and around the sheet for p = −0.61 (a), p = 0 [Jaupart and Mareschal, 2010] (b)
and p = +0.61 (c) as a function of τ. τ and ξ are respectively the normalized time and length (i.e. equations
18 and 19). (d): Evolution of τ1/2 as a function of p (eq. 23). The dashed line corresponds to the approxima-
tion of τ1/2 when p → −1 (eq. 25). (e): Evolution of the parameter p as a function of the partition coefficient
D1/2 for several values of the mass diffusivity ratio κc1 /κc2 (from equation 24).
Using equation 19, we obtain
t1/2 =
1
2 Û ln
[
2Pe1τ1/2(p) + 1
]
=
1
2 Û ln
[
2s20 Û
K1
τ1/2(p) + 1
]
, (27)
which is a generalization of equation 1 to the homogenization of a scalar field between two
liquid phases with different transport properties. In the small Péclet limit, a Taylor expansion
of equation 27 shows that t1/2 ' τ1/2(p) s20/K1, as expected. In the large Péclet limit when
advection dominates over diffusion, i.e. in the stretching enhanced diffusion regime, equation
27 simplifies to
t1/2 ∼ 12 Û ln
[
Pe1τ1/2(p)
]
. (28)
In the limit p→ −1 relevant to siderophile elements (figure 5e), using equation 25 gives
t1/2 ∼ 12 Û ln
[
Pe1
1
(p + 1)2
]
∼ 1
2 Û ln
[
Pe2
(
q1
q2
)2]
, (29)
with Pe2 the Péclet number of the phase 2 defined in the same way as Pe1 (eq. 15).
Figure 6a shows the evolution of χ in the middle of the sheet as a function of the time
normalized by tκ = s20/K1, as given by equation 23. If Pe1 . 1, the equilibration time is
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nearly independent of Pe1, whereas if Pe1 & 1, χ(ξ = 0) decreases over a timescale signif-
icantly reduced as Pe1 increases. Figure 6b shows the equilibration time t1/2 as a function of
Pe1 according to equation 27. If Pe1  1, t1/2/tκ is independent of Pe1 and t1/2 scales as the
diffusion time tκ , consistently with the low Péclet number approximation of equation 27. We
thus obtain the diffusive regime expected in that range of Péclet number (figure S1). On the
contrary, if Pe1  1, t1/2/tκ is well approximated by equation 28 with a weaker dependence
on p than in the diffusive regime (figure 6b, dash-dotted line). If in addition p → −1, t1/2/tκ
scales as equation 29 at large Pe1 (figure 6b, dashed line). t1/2 depends predominantly on the
stretching rate with a comparatively weak (logarithmic) dependency on the diffusivity. If the
stretching rate Û increases, the equilibration time t1/2 decreases dramatically (eq. 27 and fig-
ure 6b). In other words, if stretching intensifies, the equilibration efficiency between metal
and silicates increases. In that case, we obtain a stretching enhanced diffusion regime (figure
S2). The critical Pe1 separating the two regimes depends on p. In particular, when p → −1,
i.e. for large partition coefficient and diffusivity ratio κc1 /κc2 , the critical Pe1 is significantly
decreased below 1.
b)
Diffusion
Stretching
enhanced
diffusion
Pe increases
a)
Figure 6. (a): Value of χ1 in the middle of the sheet (calculated from equation 23 at p = −0.61) as a
function of the time normalized by tκ = s20/K1, for several values of the Péclet number in the inner phase
Pe1. (b): Equilibration timescale t1/2 normalized by tκ = s20/K1 as a function of the Péclet number in the
inner phase Pe1, for several values of p (from equation 27). The dash-dotted line corresponds to the large Pe
approximation of equation 28, calculated for p = 0. The dashed line corresponds to the large Pe and p → −1
approximation of equation 29, calculated for p = −0.99.
Using equations 26 and 28, we can also calculate the width of the sheet s1/2 at t = t1/2.
In the Pe1  1 limit, this gives
s1/2 ∼ 1√
τ1/2(p)
(
K1
Û
)1/2
, (30)
where (K1/ Û)1/2 is a characteristic diffusion length, known as the Batchelor length scale
[Kellogg and Turcotte, 1987]. s1/2 corresponds to the length at which diffusion is no longer
negligible, the sheet being sufficiently thin for diffusion to complete equilibration. A 100 km
metallic core falling at 100 m.s−1 [Deguen et al., 2011] produces a large scale stretching rate
of 100 m.s−1/100 km = 10−3 s−1. Using a thermal diffusivity of 10−5 m2.s−1 (table 1), we
obtain a thermal equilibration scale around 6 cm. Concerning chemical equilibration, the
–14–
Confidential manuscript submitted to JGR-Solid Earth
p→ −1 limit of τ1/2(p) (eq. 25) gives
s1/2 ∼ 2D1/2
(
κc2
Û
)1/2
. (31)
Using a mass diffusivity of 10−9 m2.s−1 and D1/2 equal to 1, 10 and 100, the width of chemi-
cal equilibration is around 2, 0.2 and 0.02 mm, respectively. Thermal equilibration may hap-
pen prior to fragmentation because the typical fragmentation scale corresponding to a capil-
lary length is around 3 mm. However, the chemical equilibration length is of the same order
as the fragmentation scale, or even smaller regarding siderophile elements. It means that
chemical equilibration may happen at the same time, or after, fragmentation of the metallic
core occurs.
4.2 A stretched isolated ligament
4.2.1 Analytical solution
Using the same change of variable as for the sheet (equations 18 and 19) allows to ob-
tain an analytical solution of the axisymmetric advection-diffusion equation of the stretched
ligament (figure 2b). The scalar field and its flux are continuous across the phase interface.
From Carslaw and Jaeger [1959], p. 346, we obtain the solutions given in appendix B.
Using the same method as for the sheet (eq. 19 and 26), we obtain a law for the equili-
bration time similar to equation 27, except for τ1/2 which now depends independently on K
and k (figure S8), leading to
t1/2 =
1
2 Û ln
[
2Pe1τ1/2(K, k) + 1
]
. (32)
We obtain a good agreement between the analytical solution from equation 32 (figure 7a, red
circles) and numerical simulations (figure 7a, black circles).
As in section 4.1, we obtain the equilibration length, which can be written
s1/2 ∼ 1√
τ1/2(K, k)
(
K1
Û
)1/2
(33)
in the large Péclet limit. For a 100 km metallic core falling at 100 m.s−1 [Deguen et al.,
2011] and using typical parameters of table 1, we obtain τ1/2(K, k) ∼ 5.5 and a thermal
equilibration length around 4 cm. The chemical equilibration length is around 1.6, 0.5 and
0.1 mm for D1/2 equal to 1, 10 and 100, respectively. As for the sheet in section 4.1, thermal
equilibration may happen prior to fragmentation whereas chemical equilibration may happen
during or after fragmentation.
4.2.2 Effect of surface tension
Ligaments are unstable against the Rayleigh-Plateau capillary instability, and will even-
tually fragment into drops, possibly affecting equilibration. Fragmentation (figure S5) results
from the development of the capillary instability, which grows on a timescale on the order of
tγ (capillary time based on the ligament initial diameter) in the absence of significant stretch-
ing, if tγ  t Û . It is known that the capillary instability can be damped if the ligament is
stretched [e.g. Eggers and Villermaux, 2008; Mikami et al., 1975; Taylor, 1934; Tomotika,
1936]; stretching can delay fragmentation if t Û  tγ, i.e. ifWe1  1.
Figure 7 shows the equilibration time t1/2, defined here as the time at which the mean
value of χ of the inner phase 〈χ1〉 is half its initial value, obtained from numerical calcu-
lations as a function of Pe1, We1, and Ohκ1 . Fragmentation happens after equilibration if tγ
is large compared to the (no surface tension) equilibration time given by equation 32. This
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would be the case if tγ is large compared to either tκτ1/2 (at small Péclet) or t Û ln(Pe1τ1/2) (at
large Péclet), i.e. if Ohκ1/τ1/2  1 orWe1 
[
ln(Pe1τ1/2)
]2. Fragmentation has no effect
on equilibration in this limit, and the equilibration time obtained from the numerical calcu-
lations is consistent with the prediction of equation 32. The flat slopes at largeWe1 (figure
7b) and Ohκ1 (figure 7c) show that equilibration is indeed independent of surface tension.
The diffusive (figure S3) and the stretching enhanced diffusion (figure S4) regimes are thus
retrieved at small and large Péclet, respectively (figure 7a, circles).
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Figure 7. Equilibration time t1/2 normalized by tκ = s20/K1 (a and c) or t Û = Û−1 (b) as a function of
the Péclet number Pe1 (a), the Weber numberWe1 (b) and the thermal/compositional Ohnesorge number
Ohκ1 (c), in the inner phase. Red circles corresponds to the analytical solution presented in equation 32. The
dashed line corresponds to the calculated power-law trend.
If now fragmentation happens before the equilibration time predicted by equation
32, we find that equilibration is controlled by the time required to develop the Rayleigh-
Plateau capillary instability and break the ligament. At lowWe1 and Ohκ1 , we indeed find
that t1/2/t Û ∼ We11/2 (figure 7b) and t1/2/tκ ∼ Ohκ1 (figure 7c), which correspond to
t1/2 ∼ tγ. This suggest that the flow associated with the fragmentation of the ligament into
drops is strong enough to allow for fast equilibration of the drops.
4.3 A free falling droplet
At the end of the fragmentation sequence of the impactors’ cores (figure 1), the fate of
the remaining heat and chemical elements in the droplets depends on the Péclet number, i.e.
if they equilibrate in the high Pe spherical or in the diffusive regime. In the diffusive regime
(figure S6), the equilibration time scales as the typical diffusion time of the drop tκ = s20/K1,
irrespectively of viscosity and surface tension (figure 4).
In the high Pe spherical regime (figure S7), equilibration is accelerated by the forma-
tion of thin thermal or compositinal boundary layers on the leading side of the drop, on both
sides of the interface, where advection maintains a strong radial gradient of χ. At a viscos-
ity ratio η1/η2 on the order of 1 or smaller, equilibration is aided by the circulation forced
within the drop by the viscous stress at the interface [Ulvrová et al., 2011]. The outer bound-
ary layer is connected to a wake tail on the rear side of the drop. A prediction for the equili-
bration time is obtained from mass conservation on the spherical drop and estimates of the
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convective flux (see appendix C for details). We find that
t1/2 ∼
s20q1
6k2
Pe2−1/2
[
1 +
(
q2k2
q1k1
)1/2]
regarding χ, (34)
t1/2 ∼
s20ρ1cp1
6λ2
Pe2−1/2
[
1 +
(
ρ2cp2λ2
ρ1cp1λ1
)1/2]
regarding T, (35)
t1/2 ∼
s20D1/2
6κc2
Pe2−1/2
[
1 +
1
D1/2
(
κc2
κc1
)1/2]
regarding C. (36)
Equation 36 simplify as t1/2 ∼ (s20D1/2)/(6κc2 )Pe2−1/2 and t1/2 ∼ (s20/6)(κc1 κc2 )−1/2Pe2−1/2
in the limits of siderophile (D1/2  1) and lithophile (D1/2  1) elements, respectively.
The equilibration time we predict for siderophile elements depends linearly on the partition
coefficient, which is consistent with the numerical results of Ulvrová et al. [2011]. On the
contrary, the equilibration time obtained for lithophile elements is independent of the parti-
tion coefficient, consistently with the analysis of Samuel [2012].
5 Stirring Regime
5.1 Deformation and stretching dynamic
We now focus on the stirring regime identified in section 3, which we think is the most
relevant for metal segregation in a magma ocean [Dahl and Stevenson, 2010; Deguen et al.,
2011, 2014; Landeau et al., 2014].
Figure 8 shows snapshots of a simulation in this regime, at Re1 = 104, Bo = 103,
and Pe1 = 104. The initially round drop quickly deforms, both because of an instability
which we interpret as a combination of Kelvin-Helmholtz (shear-driven) and Rayleigh-Taylor
(buoyancy-driven) instabilities, and because of the action of the mean flow, which takes the
form of a pair of expanding counter-rotating vortices (the 2D analogue of a vortex ring).
The interaction between the vortices and the interface instability leads to strong deforma-
tion and stretching of the metal phase, which topology evolves toward a collection of con-
voluted sheets (see for example figure 8 at t/tg = 4.2 and figure 10b). In our 2D numerical
calculations, the metal phase eventually becomes discontinuous, but this “fragmentation” is
an artifact due to the resolution limits of the computation grid. 2D sheets are stable against
Rayleigh-Plateau capillary instabilities and are not expected to break. In the simulations, the
metal phase becomes discontinuous when the stretched structures become locally too thin to
be resolved, but this is not a physical effect. A finer mesh indeed delays this apparent frag-
mentation. We therefore use the maximum resolution possible, but 2D simulations are fun-
damentally not designed to address fragmentation. Nonetheless, these calculations are rel-
evant for understanding the interplay between stretching and thermochemical equilibration,
considering scales larger than the resolution limit. The Batchelor scale (e.g. equation 30),
estimated using a large scale stretching rate related to the pair of counter-rotating vortices, is
indeed two order of magnitude larger than the resolution of the grid.
5.2 Equilibration time
The development of sheets from the initial volume of metal can be considered as the
superposition of isolated stretched sheets with uniform stretching similar to that of section
4.1. We thus expect the equilibration time to be of the form t1/2 ∼ t Û ln(Pe1τ1/2) (eq. 28),
where Û is the stretching rate of the sheets, which needs to be estimated as a function of the
flow geometry and strength. τ1/2 is a function of p in 2D (section 4.1 and figure 5d), or a
function of K1/K2 and k1/k2 in 3D (section 4.2.1), owing to the presence of both sheets and
ligaments. The flow has a vortex ring structure (figure 8), with a falling velocity 〈uy〉 ∼√(∆ρ/ρ1)gs0 varying on a scale s0. If stretching is governed by the vortices, then Û should
be on the order of 〈uy〉/s0, which is equivalent to a stretching timescale equal to the free-fall
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Figure 8. Stirring regime, Pe1 = 104, Re1 = 104 and Bo = 103. Upper: average value of χ1 in phase 1 as a
function of time normalized by tg =
√(ρ1/∆ρ)s0/g. Lower: Snapshots showing maps of χ at different times.
The dashed gray lines correspond to the interface position between phases 1 and 2. The gray lines correspond
to the streamlines of the velocity field on a frame moving with the center of mass of the metal.
timescale of the drop tg. This leads to
t1/2 ∼ tgln(Pe1τ1/2). (37)
There is a good agreement between this prediction and the results from the numerical cal-
culations of section 3, which shows that in the stirring regime t1/2/tg is independent of Re1
(figure 4b, diamonds) and Bo (figure 4c, diamonds), and has a Pe1 dependency (figure 4a,
dash-dotted line) well fitted by t1/2 = 0.53tgln(Pe1). This suggests that equilibration is con-
trolled by stretching enhanced diffusion, with a stretching rate controlled by the large scale
component of the flow.
5.3 The role of stretching on equilibration
To address the role of stretching enhanced diffusion, we focus on the rate of gradient
production [Ricard, 2015], obtained by applying the operator 2∇χ · ∇ to the advection-
diffusion equation (eq. 7) and integrating over the 2D numerical domain Ω
d
dt
∫
Ω
|∇χ |2dS = −2
∫
Ω
∇χ · Û · ∇χdS − 2K
∫
Ω
(∇2 χ)2dS, (38)
where Û is the strain rate tensor. The rate of gradient production (term on the left-hand side)
is equal to the sum of an advection term (first term on the right-hand side) and a diffusion
term (second term on the right-hand side). The advection term is related to the properties of
the flow through the strain rate tensor Û and corresponds to the source of gradient production.
It can be either positive or negative depending on the geometry of the flow and scalar field.
In contrast, the diffusion term is always negative and damps scalar gradients.
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These integrals are calculated in three examples corresponding to small Pe diffusive,
high Pe spherical and stirring regime:
(i) In the small Pe diffusive regime (figure 9a), the advection term is equal to zero and
the rate of gradient production is equal to the diffusion term because scalar gradients are only
dissipated and never generated. The diffusion term converges toward zero over time owing to
the progressive equilibration of the drop, on a timescale ∼ tκ .
(ii) In the high Pe spherical regime (figure 9b), the advection term is positive because
scalar gradients are produced by advection in the boundary layer in front of the drop dur-
ing its fall. Starting from 0, the advection term first increases during a short transient during
which the thermal boundary layer grows by diffusion up to a thickness at which advection
balances diffusion. The advection term then slowly decrease due to the decrease of differ-
ence of χ between the drop and the surrounding, while the thickness of the thermal boundary
layer remains constant. The magnitude of the diffusion term follows closely the evolution
of the advection term, but is slightly smaller, which shows that equilibration is controlled
by the advection and gradients production. The advection term and the diffusion term con-
verge toward zero as the drop equilibrates with the surrounding fluid, with an equilibration
time about 100 times smaller than the diffusion time. In the simulation, the shape of the drop
slightly varies in time, explaining the fluctuations around the mean exponential decrease ob-
tained on the integrals.
(iii) In the stirring regime (figure 9c), the advection term becomes positive owing to
the production of scalar gradients by the stretching. The advection term is larger than the
diffusion term as soon as deformation and stretching of the drop develop, leading to a posi-
tive rate of gradient production. Equilibration is then controlled by the production of scalar
gradients (whose stirring is the source). At first, the rate of gradient production increases, in
connection with the development of stretched structures through hydrodynamics instabilities
and stirring. Then, the rate of gradient production decreases owing to the diffusive equilibra-
tion of the metal phase with the surrounding fluid when the thickness of the sheets become
small enough.
Figure 10 shows the negative eigenvalue of the strain rate tensor Û , which we interpret
as a stretching magnitude [Ricard, 2015]. In the high Pe spherical regime (a), stretching de-
velops on a scale comparable with the size of the drop, which is significantly larger than the
thin boundary layer where thermal and compositional exchanges occur. On the contrary, in
the stirring regime (b), stretching occurs in the vicinity of the interface, over a very localized
deformation area. The source of gradient production responsible for the large advection term
(figure 9c, upper) is then located at the same place as the interface deformation. Small-scale
stretching processes related to the stirring are responsible for gradient production, arguing in
turn for an equilibration controlled by stretching enhanced diffusion.
5.4 Probability Distribution Functions of χ
The qualitative difference between the three regimes is also highlighted by the proba-
bility distribution functions (PDF) of the scalar field. In the small Pe diffusive regime (figure
11a), the distribution of χ tends toward a probability density ∝ 1/χ. This is consistent with
the radial dependency of χ, which, after the initially discontinuous radial profile of χ has
smoothed out, tends toward a self-similar profile of the form χ(r, t) ∝ exp(−r2/(K2t)). It
can be verified that the PDF of a field with this spatial distribution is indeed ∝ 1/χ. In the
high Pe spherical regime (figure 11b), the PDF slowly shifts toward smaller scalar values
over time, conserving its shape consistently with the stable evolution of the scalar field inside
the drop during its fall. In the stirring regime (figure 11c), χ has a peaked distribution, which
over time becomes narrower and shifts toward lower scalar levels as a result of the progres-
sive homogenization.
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a) c)b) SphericalDiffusion Stirring
Figure 9. Upper: Time evolution of the terms in equation 38, i.e. the rate of gradient production, the ad-
vection term and the diffusion term [Ricard, 2015], in the small Pe diffusive (a), the high Pe spherical (b)
and the stirring (c) regime. Lower: Snapshots showing maps of χi in these regimes. The dashed gray lines
correspond to the interface position between phases 1 and 2. The gray lines correspond to the streamlines of
the velocity field on a frame moving with the center of mass of the metal.
b)a) Spherical Stirring
Figure 10. Map of the local negative eigenvalue of the strain rate tensor Û in the high Pe spherical (a) and
the stirring regime (b). The gray lines corresponds to the interface between the metallic and the silicate phase.
It has been argued [Duplat et al., 2010; Meunier and Villermaux, 2003; Villermaux,
2004] that the interaction between stretched sheets and ligaments lead to the addition of their
scalar fields and to the stable self-convolution of their scalar distributions. It is predicted that
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a) Diffusion c) Stirringb) Spherical
Figure 11. Time evolution of the probability distribution function (PDF) of the scalar field in the small
Pe diffusive (a), the high Pe spherical (b) and the stirring regime (c). Insets correspond to the time evolution
of the cumulative distribution function (CDF) of the scalar field. The solid lines correspond to the fitted one
parameter gamma distributions (eq. 39).
in this regime the scalar field distribution follows a one parameter gamma distribution,
P(X = χ/〈χ〉) = n
n
Γ(n)X
n−1e−nX, (39)
where n = 1/σ2 is related to the standard deviation σ of the distribution. After a time cor-
responding to the development of stretched structures, the PDFs from our calculations are
indeed well approximated by these one parameters gamma distributions (figure 11c), except
in the tail where the probability density is higher. This again is consistent with an equilibra-
tion controlled by stretching enhanced diffusion. Self-convolution as a result of scalar fields
addition also supports the assumption on the superposition of isolated sheets we made to pre-
dict the equilibration time of the drop (eq. 37).
6 Conclusion
Deformation and fragmentation of differentiated impactors’ cores are key mechanisms
for heat and chemical elements transfer during the differentiation of planetary bodies. We
argue that fragmentation of the metallic core of an impactor must involves a change of topol-
ogy leading to a collection of sheets and ligaments, which can then fragment into drops (fig-
ure 1). This picture is consistent with previous experimental results [Deguen et al., 2011,
2014; Kendall and Melosh, 2016; Landeau et al., 2014; Wacheul et al., 2014; Wacheul and
Le Bars, 2018] and our numerical simulations (section 5.1), which suggest that a large vol-
ume of metal falling into a magma ocean would be vigorously stirred and stretched. We
focus here on the physical concepts associated with the fragmentation and equilibration se-
quence. The “building blocks” of the fragmentation sequence involve stretched structures
(sheets and ligaments) in which stretching enhanced diffusion, generalized here to immis-
cible fluids, improves significantly chemical and thermal equilibration efficiency between
metal and silicates. The equilibration time depends mainly on the stretching rate with, if the
stretching rate is constant, a logarithmic dependency on diffusivity and partition coefficient.
We find that thermal equilibration may occur before fragmentation whereas chemical equili-
bration may still be incomplete at this moment. Fragmentation eventually produces droplets
whose chemical equilibration depends critically on the partition coefficient (equation 36).
In the stirring regime identified for large volume of metals (in the sense of having large
Reynolds and Bond numbers), the metal phase is vigorously stretched and deformed. We
find from numerical simulations in that regime that the equilibration time depends mainly
on the stretching rate of the metal phase and weakly on diffusivity, irrespectively of vis-
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cosity and surface tension. Our results suggest that thermochemical equilibration is con-
trolled by the stretching enhanced diffusion process, which in our numerical simulations
develops from the mean flow, as the fall of the drop entrains surrounding silicates. We find
that in our numerical calculations the equilibration time is well approximated by t1/2 ∼√
ρ1
∆ρ
s0
g ln Pe1 (equation 37), where the Péclet number is built on a stretching rate equal to
〈uy〉/s0 =
√(∆ρ/ρ1)gs0/s0. Using this scaling would predict relatively large equilibration
distances (50% of the initial temperature/composition difference) in a magma ocean: as an
example, the composition and temperature equilibration distances of a 1 km impactor’s core
sinking in a magma ocean would be 12 km and 8 km, respectively. Equation 37 could also
be used to predict that only impactors with a core smaller than 56 km and 41 km will signifi-
cantly equilibrate thermally or chemically in a 3000 km deep magma ocean.
However, these predictions are based on the assumption that the stretching rate is gov-
erned by the mean flow (eq. 37). This seems to be correct in our 2D calculations, but is un-
likely to hold in 3D at higher Re and Bo due to the development of turbulent fluctuations.
Turbulent velocity fluctuations would increase the stretching of the metal phase, and thus de-
crease the equilibration time. The prediction of equation 37 therefore most probably overesti-
mates significantly the equilibration time. We may anticipate that in the limit of high Re1, Bo
and Pe1, equilibration of the metal with the surrounding silicates would even be fast enough
for the evolution of the mean value of χ in the metal phase to be limited by the rate of en-
trainement of fresh silicates rather than by equilibration at the local scale. Our analysis sug-
gests that the key for testing this hypothesis and estimating the equilibration times is to obtain
models predicting the stretching rate of the metal phase during the cratering phase and post-
cratering flow.
A: Solution of the Diffusion Equation for the Stretched Sheet
The solution of the diffusion equation 20 for a stretched isolated sheet is given in each
phase by
χ1(ξ ≤ 1/2, τ) = ∆χ2
{
− (1 + p) erf
(
ξ − 1/2
2
√
τ
)
+ (1 + p)
·
∞∑
n=1
(−p)n−1
[
erf
(
n + ξ − 1/2
2
√
τ
)
− p erf
(
n − ξ + 1/2
2
√
τ
) ]}
, (A.1)
χ2(ξ ≥ 1/2, τ) = ∆χ2
{
− (1 − p) erf
(
ξ − 1/2
2
√
K2/K1τ
)
+ (1 − p2)
·
∞∑
n=1
(−p)n−1 erf
(√
K2/K1n + ξ − 1/2
2
√
K2/K1τ
) }
. (A.2)
B: Solution of the Diffusion Equation for the Stretched Ligament
The solution of the diffusion equation for a stretched isolated ligament is given in each
phase by
χ1(ξ ≤ 1, τ) = 4∆χk
2
pi2K2
∫ ∞
0
e−u
2τ J0(uξ)J1(u)du
u2[φ2(u) + ψ2(u)], (B.1)
χ2(ξ ≥ 1, τ) = 2∆χk
2
piK
∫ ∞
0
e−u
2τ J1(u) J0(Kuξ)φ(u) − Y0(Kuξ)ψ(u)u[φ2(u) + ψ2(u)] du, (B.2)
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where K =
√
K1/K2, k =
√
k1/k2 and
ψ(u) = k
2
K
J1(u)J0(Ku) − J0(u)J1(Ku), (B.3)
φ(u) = k
2
K
J1(u)Y0(Ku) − J0(u)Y1(Ku). (B.4)
Jν and Yν are respectively the Bessel function of the first and the second kind, with ν their
order.
C: Equilibration Time for the Free-Falling Droplet
We consider here the equilibration of a drop of diameter s0 and falling velocity u, with
internal circulation, at high Pe1 and Pe2. In this limit, we expect the formation of two thin
thermal/compositional boundary layers, on both sides of the droplet interface, with respective
thicknesses δ1 and δ2. Depending on the properties of the two phases, the flux can be limited
by one or the other of the boundaries. Denoting by 〈χ1〉 the mean of χ1 in the drop, by χi
the value of χ at the interface, and by χ∞2 the value of χ2 far from the drop, the heat/mass
flux Φ across the interface is
Φ ∼ k1 〈χ1〉 − χi
δ1
∼ k2
χi − χ∞2
δ2
. (C.1)
The boundary layers thickness on both sides of the interface can be shown to be δi ∼
√
Kis0/u ∼
s0 Pe−1/2i by balancing advection and diffusion in the vicinity of the interface (see for exam-
ple Ribe [2015] for the outer boundary layer scaling; a similar reasoning leads to the scaling
of the inner boundary layer, which has the same form). Writing χi as a function of 〈χ1〉 and
χ∞2 from equation C.1, and noting that δ1/δ2 ∼
√
K1/K2, the flux becomes
Φ ∼ k2
s0
Pe1/22
〈χ1〉 − χ∞2
1 +
(
q2k2
q1k1
)1/2 , (C.2)
which is consistent with the heat flux given by Ribe [2015] in the limit q1k1  q2k2. Using
conservation of χ gives
pi
6
s30q1
d 〈χ1〉
dt
= −pis20Φ, (C.3)
from which we obtain the equilibration time
t1/2 ∼
s20q1
6k2
Pe2−1/2
[
1 +
(
q2k2
q1k1
)1/2]
. (C.4)
Acknowledgments
This project has received funding from the European Research Council (ERC) under the
European Unions Horizon 2020 research and innovation programme (grant agreement No
716429). T. Alboussière provided comments that improved the manuscript. We thank Jean-
Baptiste Wacheul and an anonymous reviewer for their useful comments. The codes are
available at https://figshare.com/articles/lherm_basilisk_stretching/6850271 and basilisk.fr.
References
Badro, J., J. P. Brodholt, H. Piet, J. Siebert, and F. J. Ryerson (2015), Core formation and
core composition from coupled geochemical and geophysical constraints, Proceedings of
the National Academy of Sciences, 112(40), 12,310–12,314.
Batchelor, G. K. (1952), The effect of homogeneous turbulence on material lines and sur-
faces, Proc. R. Soc. Lond. A, 213(1114), 349–366.
–23–
Confidential manuscript submitted to JGR-Solid Earth
Baumann, N., D. D. Joseph, P. Mohr, and Y. Renardy (1992), Vortex rings of one fluid in
another in free fall, Physics of Fluids A: Fluid Dynamics, 4(3), 567–580.
Carslaw, H. S., and J. C. Jaeger (1959), Conduction of Heat in Solids, 2nd ed. ed., Oxford:
Clarendon Press, Oxford.
Clift, R., J. R. Grace, and M. E. Weber (1978), Bubbles, Drops, and Particles, Academic
Press, Inc., New York.
Coltice, N., and J. Schmalzl (2006), Mixing times in the mantle of the early Earth derived
from 2-D and 3-D numerical simulations of convection, Geophysical Research Letters,
33(23), L23,304.
Corgne, A., S. Keshav, Y. Fei, and W. F. McDonough (2007), How much potassium is in the
Earth’s core? New insights from partitioning experiments, Earth and Planetary Science
Letters, 256(3), 567–576.
Dahl, T. W., and D. J. Stevenson (2010), Turbulent mixing of metal and silicate during planet
accretion — And interpretation of the Hf–W chronometer, Earth and Planetary Science
Letters, 295(1), 177–186.
Deguen, R., P. Olson, and P. Cardin (2011), Experiments on turbulent metal-silicate mixing
in a magma ocean, Earth and Planetary Science Letters, 310(3), 303–313.
Deguen, R., M. Landeau, and P. Olson (2014), Turbulent metal–silicate mixing, fragmenta-
tion, and equilibration in magma oceans, Earth and Planetary Science Letters, 391, 274–
287.
Duplat, J., and E. Villermaux (2008), Mixing by random stirring in confined mixtures, Jour-
nal of Fluid Mechanics, 617, 51–86.
Duplat, J., A. Jouary, and E. Villermaux (2010), Entanglement Rules for Random Mixtures,
Physical Review Letters, 105(3), 034,504.
Eggers, J., and E. Villermaux (2008), Physics of liquid jets, Reports on Progress in Physics,
71(3), 036,601.
Han, J., and G. Tryggvason (1999), Secondary breakup of axisymmetric liquid drops. I. Ac-
celeration by a constant body force, Physics of Fluids, 11(12), 3650–3667.
Ichikawa, H., S. Labrosse, and K. Kurita (2010), Direct numerical simulation of an iron rain
in the magma ocean, Journal of Geophysical Research, 115(B01404), 1–12.
Jaupart, C., and J.-C. Mareschal (2010), Heat Generation and Transport in the Earth, Cam-
bridge University Press, Cambridge.
Karato, S.-i., and V. Murthy (1997), Core formation and chemical equilibrium in the
Earth—I. Physical considerations, Physics of the Earth and Planetary Interiors, 100(1),
61–79.
Kellogg, L. H., and D. L. Turcotte (1987), Homogenization of the mantle by convective mix-
ing and diffusion, Earth and Planetary Science Letters, 81(4), 371–378.
Kendall, J. D., and H. J. Melosh (2016), Differentiated planetesimal impacts into a terrestrial
magma ocean: Fate of the iron core, Earth and Planetary Science Letters, 448, 24–33.
Kleine, T., C. Münker, K. Mezger, and H. Palme (2002), Rapid accretion and early core
formation on asteroids and the terrestrial planets from Hf–W chronometry, Nature,
418(6901), 952.
Labrosse, S., J. W. Hernlund, and N. Coltice (2007), A crystallizing dense magma ocean at
the base of the Earth’s mantle, Nature, 450(7171), 866.
Landeau, M., R. Deguen, and P. Olson (2014), Experiments on the fragmentation of a buoy-
ant liquid volume in another liquid, Journal of Fluid Mechanics, 749, 478–518.
Li, J., and C. B. Agee (1996), Geochemistry of mantle–core differentiation at high pressure,
Nature, 381(6584), 686.
Lovering, T. S. (1936), Heat Conduction in Dissimilar Rocks and the Use of Thermal Mod-
els, GSA Bulletin, 47(1), 87–100.
Marmottant, P., and E. Villermaux (2004a), On spray formation, Journal of Fluid Mechanics,
498, 73–111.
–24–
Confidential manuscript submitted to JGR-Solid Earth
Marmottant, P., and E. Villermaux (2004b), Fragmentation of stretched liquid ligaments,
Physics of Fluids, 16(8), 2732–2741.
Meunier, P., and E. Villermaux (2003), How vortices mix, Journal of Fluid Mechanics, 476,
213–222.
Mikami, T., R. G. Cox, and S. G. Mason (1975), Breakup of extending liquid threads, Inter-
national Journal of Multiphase Flow, 2(2), 113–138.
Monteux, J., Y. Ricard, N. Coltice, F. Dubuffet, and M. Ulvrova (2009), A model of
metal–silicate separation on growing planets, Earth and Planetary Science Letters, 287(3),
353–362.
Monteux, J., A. M. Jellinek, and C. L. Johnson (2011), Why might planets and moons have
early dynamos?, Earth and Planetary Science Letters, 310(3), 349–359.
Olson, P., D. A. Yuen, and D. Balsiger (1984), Convective mixing and the fine structure of
mantle heterogeneity, Physics of the Earth and Planetary Interiors, 36(3), 291–304.
O’Neill, H. S. C., and H. Palme (1998), Composition of the Silicate Earth: Implications for
Accretion and Core Formation, in The Earth’s Mantle, edited by I. Jackson, pp. 3–126,
Cambridge University Press, Cambridge.
Ottino, J. M. (1989), The Kinematics of Mixing: Stretching, Chaos, and Transport, Cam-
bridge University Press, Cambridge.
Popinet, S. (2009), An accurate adaptive solver for surface-tension-driven interfacial flows,
Journal of Computational Physics, 228(16), 5838–5866.
Ranz, W. E. (1979), Applications of a stretch model to mixing, diffusion, and reaction in
laminar and turbulent flows, AIChE Journal, 25(1), 41–47.
Ribe, N. M. (2015), Analytical Approaches to Mantle Dynamics, in Treatise on Geophysics
(Second Edition), edited by G. Schubert, pp. 145–196, Elsevier, Oxford.
Ricard, Y. (2015), Physics of Mantle Convection, in Treatise on Geophysics (Second Edi-
tion), edited by G. Schubert, pp. 23–71, Elsevier, Oxford.
Righter, K. (2011), Prediction of metal–silicate partition coefficients for siderophile ele-
ments: An update and assessment of PT conditions for metal–silicate equilibrium during
accretion of the Earth, Earth and Planetary Science Letters, 304(1), 158–167.
Rubie, D. C., H. J. Melosh, J. E. Reid, C. Liebske, and K. Righter (2003), Mechanisms of
metal–silicate equilibration in the terrestrial magma ocean, Earth and Planetary Science
Letters, 205(3), 239–255.
Rubie, D. C., F. Nimmo, and H. J. Melosh (2015), Formation of the Earth’s Core, in Treatise
on Geophysics (Second Edition), edited by G. Schubert, pp. 43–79, Elsevier, Oxford.
Rudge, J. F., T. Kleine, and B. Bourdon (2010), Broad bounds on Earth’s accretion and core
formation constrained by geochemical models, Nature Geoscience, 3(6), 439.
Samuel, H. (2012), A re-evaluation of metal diapir breakup and equilibration in terrestrial
magma oceans, Earth and Planetary Science Letters, 313-314, 105–114.
Samuel, H., P. J. Tackley, and M. Evonuk (2010), Heat partitioning in terrestrial planets dur-
ing core formation by negative diapirism, Earth and Planetary Science Letters, 290(1),
13–19.
Siebert, J., A. Corgne, and F. J. Ryerson (2011), Systematics of metal–silicate partitioning
for many siderophile elements applied to Earth’s core formation, Geochimica et Cos-
mochimica Acta, 75(6), 1451–1489.
Solomatov, V. (2015), Magma Oceans and Primordial Mantle Differentiation, in Treatise on
Geophysics (Second Edition), edited by G. Schubert, pp. 81–104, Elsevier, Oxford.
Stevenson, D. J. (1990), Fluid dynamics of core formation, in Origin of the Earth, edited by
H. E. Newsom and J. H. Jones, pp. 231–249, Oxford University Press, New York.
Stevenson, D. J. (2003), Planetary science: Mission to Earth’s core — a modest proposal,
Nature, 423(6937), 239.
Sun, Y., H. Zhou, K. Yin, M. Zhao, S. Xu, and X. Lu (2018), Transport Properties of
Fe2SiO4 Melt at High Pressure From Classical Molecular Dynamics: Implications for
the Lifetime of the Magma Ocean, Journal of Geophysical Research: Solid Earth, 123(5),
3667–3679.
–25–
Confidential manuscript submitted to JGR-Solid Earth
Taylor, G. I. (1934), The formation of emulsions in definable fields of flow, Proc. R. Soc.
Lond. A, 146(858), 501–523.
Thomson, J. J., and H. F. Newall (1886), V. On the formation of vortex rings by drops falling
into liquids, and some allied phenomena, Proceedings of the Royal Society of London,
39(239-241), 417–436.
Tomotika, S. (1936), Breaking up of a drop of viscous liquid immersed in another viscous
fluid which is extending at a uniform rate, Proc. R. Soc. Lond. A, 153(879), 302–318.
Ulvrová, M., N. Coltice, Y. Ricard, S. Labrosse, F. Dubuffet, J. Velímský, and O. Šrámek
(2011), Compositional and thermal equilibration of particles, drops, and diapirs in geo-
physical flows, Geochemistry, Geophysics, Geosystems, 12(10), 1–11.
Venaille, A., and J. Sommeria (2008), Is Turbulent Mixing a Self-Convolution Process?,
Physical Review Letters, 100(23), 234,506.
Villermaux, E. (2004), Simple ideas on mixing and fragmentation, Chaos: An Interdisci-
plinary Journal of Nonlinear Science, 14(3), 924–932.
Villermaux, E. (2007), Fragmentation, Annual Review of Fluid Mechanics, 39(1), 419–446.
Wacheul, J.-B., and M. Le Bars (2018), Experiments on fragmentation and thermo-chemical
exchanges during planetary core formation, Physics of the Earth and Planetary Interiors,
276, 134–144.
Wacheul, J.-B., M. Le Bars, J. Monteux, and J. M. Aurnou (2014), Laboratory experiments
on the breakup of liquid metal diapirs, Earth and Planetary Science Letters, 403, 236–245.
Williams, J.-P., and F. Nimmo (2004), Thermal evolution of the Martian core: Implications
for an early dynamo, Geology, 32(2), 97–100.
–26–
